In this paper, combining Kirillov's method of orbits with Connes' method in Differential Geometry, we study the so-called MD(5,3C)-foliations, i.e. 
Introduction
Let G be an n-dimensional real solvable Lie group, then G is called a MDn-group or a MD-group of dimension n if and only if the orbits of G in the co-adjoint representation (K-representation) are orbits of dimension zero or maximal dimension (i.e. dimension k, where k is some even constant, k ≤ n). When G is an MDn-group such that its Lie algebra G has m-dimensional derived ideal 
The notation Ω F will be used to denote the K-orbit of G which contains F . The geometric picture of the K-orbits of G is given by the following proposition.
PROPOSITION 2.1 ([23]
). For each MD(5,3C)-group G, the K-orbit Ω F of G is described as follows.
then Ω F is the orbit of dimension 2 and it is one of the following:
γ; y; e λ1a γ; e λ2a δ; e a σ : y, a ∈ R when G = G 5,3,1(λ1,λ2) .
• α + (1 − e a ) γ; y; e a γ; e a δ; e λa σ : y, a ∈ R when G = G 5,3,2(λ) .
• α +
1−e λa λ γ; y; e λa γ; e a δ; e a σ : y, a ∈ R when G = G 5,3,3(λ) .
• {(α + (1 − e a ) γ; y; e a γ; e a δ; e a σ) : y, a ∈ R} when G = G 5,3,4 .
1−e λa λ γ; y; e λa γ; e a δ; ae a δ + e a σ : y, a ∈ R when G = G 5,3,5(λ) .
• α + (1 − e a ) γ; y; e a γ; ae a γ + e a δ; e λa σ : y, a ∈ R when G = G 5,3,6(λ) .
• α + (1 − e a ) γ; y; e a γ; ae a γ + e a δ;
Then we have:
3.2. If β 2 + γ 2 = 0 = σ then Ω F is the orbit of dimension 2 as follow:
In the introduction we have emphasized that, for every connected and simply connected MDgroup, the family of maximal dimensional K-orbits forms a measurable foliation in terms of Connes ([4] ). Namely, we have the following proposition.
PROPOSITION 2.2 ([23]
). Let G be one of the connected and simply connected MD(5,3C)-groups, F G be the family of all its K-orbits of dimension two and 1. There exist exactly 2 topological types of 8 families of considered MD(5,3C)-foliations as follows:
We denote these types by F 1 and F 2 , respectively.
Furthermore, we have:
2.1. The MD(5,3C)-foliations of the type F 1 are trivial fibration with connected fibres on
2.2. The MD(5,3C)-foliations of the type F 2 are non-trivial but they can be given by suitable actions of R 2 on the foliated manifolds
Proof. Let us recall that two foliations (V, F ) and (V ′ , F ′ ) are said to be topologically equivalent or have same topological type if there exist a homeomorphism h : V → V ′ which sends each leaves of F onto those of F ′ . The map h is called a topological equivalence of considered foliations.
We consider maps
defined as follows:
y; z; t; s) = x; y; z; t; sgn(s).|s| 
By some direct caculations, we have:
onto leaves of (V, F 4 ).
is an homeomorphism sends leaves of V, F 3(λ) onto leaves of (V, F 4 ). If λ = 0, by the geometric picture of K-orbits, we see that all the maximal dimension K-orbits of V, F 3(0) and (V, F 4 ) are half-planes; so, they are obviously homeomorphis.
So, the foliations V,
are topologically equivelant. This type is denoted by F 1 . Now, by direct calculations, we see that
h 8(λ,ϕ) x; y; re iθ ; s = x; y;re iθ ; sgn(s).|s| 
is a homeomorphism which sends leaves of V,
. So, the foliations V, F 8(λ,ϕ) are topologically equivelant. This types is denoted by F 2 .
2. By using stratergic coordinate, we have
p(x; y; r; φ; θ) := (x + r cos φ sin θ; φ; θ)
is a fibre bundle which each fibre is (isomorphic to) R × R + . Each fibre is connective (halfplane) and that is each leaf of the foliation (V, F 4 ). So, the MD(5,3C)-foliations belong to
ρ ((r; a) ; (x; y; z + it; s)) = x − (sin a) z − (1 − cos a) t; y + r; (z + it) e −ia ; e a s
It is easy to check that the Lie group R 2 acts continuously on the foliated manifold V by ρ.
Morever, under ρ-action, orbit through (α; β; γ + iδ; σ) ∈ V is: ρ (α;β;γ+iδ;σ) = α − (sin a) γ − (1 − cos a) δ; β + r; (γ + iδ) e −ia ; e a σ : y, a ∈ R (2.0.1) and that is leave of the foliation V, F 8(1, π 2 ) . So, the MD(5,3C)-foliations belong to F 2 -type are given by ρ-action. The proof is complete.
K-theory for the MD(5,3C)-foliations
In this section, we study K-theory for the leaf space of MD(5,3C)-foliations. First, we introduce something about K-theory and the method of KK-functors to characterize C * -algebras.
K-theory and characterization of C * -algebras by KKfunctor
Topological K-theory is a generalized cohomology theory with compact supports. It is well adapted to the algebraic framework where the locally compact space X is replaced by the C * -algebra C 0 (X) of all the complex-valued continuous functions on X vanishing at infinity. The group K * (A) makes sense for any C * -algebra A and one has K * (X) ∼ = K * (C 0 (X)) (see [11] or [14] ). Note that the K-theory of C * -algebras is invariant under stable isomorphism, i.e., K * (A ⊗ K) ∼ = K * (A) for every
In algebraic K-theory, each short exact sequence (or an extension) of C * -algebras:
gives rise to a six-term circulative exact sequence ( [11] ):
where δ 0 and δ 1 are called the connecting maps. When J and B in (3.1.1) are given C * -algebras, but A is an unknown one, calculation of the connecting maps of (3.1.2) gives the K-groups K 0 (A) and K 1 (A).
In fact, we obtain more by this calculation, and this may be seen as another motivation for studying K * (A). The extension (3.1.1) defines A as an element in KK-group Ext(B, J) of Kasparov [8] . Namely, by the universal coefficient theorem (see [12] ) we have the following exact sequence (j ∈ Z/2Z):
In (3.1.3), the map γ associates to the class in Ext(B, J) defined by the short exact sequence (3.1.1) the pair (δ 0 , δ 1 ) of the diagram (3.1.2). Ext 1 Z is defined as in homological algebra (see [10] ). In this paper, K j (B) and K j (J) are always free abelian groups, hence Ext 1 Z (K j (B), K j (J)) = 0 for j = 0, 1. Thus, the pair (δ 0 , δ 1 ) determines C * -algebra A as an element of Ext(B, J). In general, this is only sufficient to determine the so-called "stable type" of the extension (3.1.1). Morever, when the extension is absorbing, the pair (δ 0 , δ 1 ) determines (3.1.1) up to unitary equivalence (see [15, Section 7] ). So, the pair (δ 0 , δ 1 ) is called the index invariant of C * -algebra A.
Generally, if an unknown C * -algebra A is embedded in two repeated extensions of the following form:
where J 1 , J 2 and B 2 are given C * -algebras, then two pairs of the connecting maps of the six-term circulative exact sequences associated to the extensions (3.1.4) and (3.1.5) are called the index invariant system of A.
In the decades 1970s-1980s, works of Diep [6] , Rosenberg [12] , Kasparov [8] , Son and Viet [13] ,. . . have shown that K-functors are well adapted to characterize a large class of group C * -algebras.
The Connes' C * -algebras
Recall that, in 1982, studying foliated manifolds, Connes [4] introduced the notion of C * -algebra C * (V, F ) associated to a measured foliation (V, F ). In general, the leaf space V /F of a foliation (V, F ) with the quotient topology is a fairly untractable topological space. The Connes' C * -algebra C * (V, F ) represents the leaf space V /F of (V, F ) in the following sense: when the foliation (V, F )
comes from a fibration (with connected fibers) p : V → B on some locally compact basis B, in particular the leaf space of (V, F ) in this case is the basis B, then C * (V, F ) is isomorphic to C 0 (B) ⊗ K, where K = K(H) denotes the C * -algebra of compact operators on an infinite dimensional separable Hilbert space H. For such foliations (V, F ), K * (C * (V, F )) coincides with the K-theory of the leaf space B = V /F . Therefore, for an arbitrary foliation (V, F ), Connes [4] used K * (C * (V, F )) to define the K-theory for the leaf space of (V, F ). 
which is a submanifold of V × V and
an open subset in the graph G of (V, F ) and 
can be canonically embedded into the following exact sequence:
By Proposition 3.1, for brevity, we denote by C * (F 1 ) and C * (F 2 ) the Connes' C * -algebras assoiated to MD(5,3C)-foliations belong to F 1 -type and F 2 -type, respectively. Morever, as a direct consequence of Theorem 2.4 and Propositions 3.1 ÷ 3.3, we have the following assertion.
COROLLARY 3.6 (Analytical description of C * (F 1 ) and C * (F 2 )).
1. The Connes' C * -algebras of all MD(5,3C)-foliations belong to the F 1 -type are isomorphic
2. The Connes' C * -algebras of all MD(5,3C)-foliations belong to the F 2 -type are isomorphic to the reduced crossed product
3.3 C * (F 2 ) as extension of C * -algebras 2 ) . Before we study the K-theory for the leaf spaces of MD(5,3C)-foliations belong to the F 2 -type, be the inclusion and restriction defined similarly as ι and µ in (3.3.1). One gets the exact sequence as follows:
